Grothendieck groups of integral nilpotent group rings  by Miyamoto, Masahiko
JOURNAL OF ALGEBRA 91, 32-35 (1984) 
Grothendieck Groups of Integral Nilpotent Group Rings 
MASAHIKO MIYAMOTO 
Departnlenr of Mathematics. Ehime University, 
Matsuyama 790, Japan 
Communicated by Richard G. Swan 
Received September 24, 1982 
0. INTRODUCTION 
For a ring /i, the Grothendieck group G&4) is defined by generators [Ml, 
one for each finitely generated left n-module M, with relations [M) = IM’ 1 + 
(M” ] for each short exact sequence O+ M’ -+ M + M” -+ 0 of finitely 
generated left &modules. Let K be a Dedekind domain with the quotient 
field K. For a finite group G, we denote hy RG the group ring of G over R, 
and by KG the group algebra of G over K. For an Abelian group G, 
Lcnstra 111 has shown a beautiful calculation of G,(RG), that is, 
G,(RG) ‘v @ (18 C(R(,x))), 
)yc >
where Y is a set of representatives for the K-conjugacy classes of %- 
characters of G (I? is a fixed algebraic closure of K), Rk) is the subring of 
j? generated by R and the image of x and the inverse of JG/Ker x(, and 
C(Kk)) denotes the ideal class group of HJ&). 
The purpose in this paper it to generalize this result to finite nilpotent 
groups. From now on, let G be a finite nilpotent group and for an irreducible 
K-character 6, of G we denote by e(0) the central primitive idempotcnt of KG 
(or KG/G, if p = ch(K) is not prime to the order 1 G/ of G, where G,, denotes 
a Sylow p-subgroup of G) corresponding to 0. Let n(G) and n(0) be the sets 
of all prime divisors of the order of G and the order n(O) of G/Ker 0, respec- 
tively. 
In order to obtain an analogue of Lenstra’s formula, we set RG(e(O)): 
RGc(O)[X]/(n(tl) X - 1). 
THE~KEM 1. Let G be a finite nilpotent group. Then we have the 
Jidlowing isomorphism: G,(RG) - @,EyG,(RG(e(t?))), where Y is the set of 
all isomorphism classes of irreducible K-characters of G. 
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We will next investigate the structure of G,(RG(e(B))). Let I- be a 
maximal R-order in KG containing RG, then Tee(B) is a maximal R-order in 
KGe(8). Defkte T(e(B)) in the same way as RG(e($~). Then since 
n(9) Fe(B) 5 RGe(B), we have RG(e(B)) = T(e(B)). 
THEOREM 2. Under the hypothesis of Theorem 1, we have 
G,(RG) = 0 G&Ye(@)))- 
0 E Y 
COROLLARY. Let K be an algebraic number field, then we have 
G,@G) = 0 (z 0 Cl,@W)). 
XGP 
Here P is the set of representatives for the K-conjugacy classes of irreducible 
complex-characters of G and, as in (21, Cl, h)) denotes the ray class 
group of Rk) with A = KGe(f?). 
1. PRELIMINARY RESULTS 
We will adopt all notations in this paper from( 1 and 21. Write G = 
rect product of its Sylow p-subgroups G,. For a set G of primes, set 
ES GP and 0, denotes an irreducible constituent of GIGS. Since B],, is 
eous, Bs is well defined. Then canonical homomorphisms G+ 
G, -+ G induce, by restriction, an exact fun&or Ns. Namely, for an 
module M, N,M is the R-module M on which G, acts as given for p E S and 
trivially for p @ S. 
In order to define a homomorphism: G,(RG)+ ~~*~RG(e(~~~) and its 
inverse, we have to obtain analogues of Lemmas 2.3, 2.5, and 4.1 in [ I]. It is 
enough to treat he case where / G j is prime to ch(K) =p since factoring out 
the p-Sylow subgroup does not change either side of Theorem 1. Especially, 
KG is semi-simple. 
LEMMA 1. Suppose that M is an RG-module which is both ay1 RGe(B)- 
module and an RGe(B’)-module (8 # 8’). Then mr . N = for some divisor 
m of n(e) . n(9’) and some positive integer t. 
ProoJ If KM = K OR M # 0, then KM is both a KGe~~)-module and a 
MGe(B’)-module, a contradiction. Thus, M is a torsion RG-module. For a 
maximal ideal p of R which is prime to n(e) . n(B’), the similar argument 
shows plw = M, which proves Lemma 1. 
LEMMA 2. Let M be an RG-module. Then there is a finite chain of 
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modules M= M, > M, > as.> M, = 0 of M such that for each i = l,..., t 
there exists 9 E Y for which M,- ,/M, is an RGe(B)-module. 
ProojI Let Y = {l3, ,..., 0 }, then Cf= r(1 - e(0,)) = 0. Set Mi = 
C:= 1(1 - e(Bj)) M, then {Mi} satisfies the condition. 
LEMMA 3. Let B’, 0” be elements of Y and M be an RG-module which is 
both an RGe(t?‘)-module and an RGe(B”)-module. Then we have 
in the group OeeY G,(RG(e(B))). 
ProoJ For any subset S of z(P) with [N,M,(B;)] # 0, if 0; # 8; n nCB8,), 
then N,M is both an RGe(t?;)-module and an RGe(B,“,,C,,,,)-module. By 
Lemma 1, we get mt . NsM= 0 f or some divisor m of n(0;) s n(@), which 
contradicts [NsM,(@k)] # 0. 
2. PROOF OF THEOREM 1 
In order to distinguish Grothendieck groups, for an RG-module M which 
is also an RGe(B)-module, we shall write: [M, G], [M, 81, and [M, (S)] are 
the classes of M in G,(RG), G,(RGe(B)), and G,(RG(e(B))), respectively. 
In the same way as Lenstra’s proof, we claim that there is a group 
homomorphism q%: G,(RG(e(B))) -+ G,(RG) for which 
$([M, (e)]) = C (-l)#(++s) [N,M, G], 
s!zn(e) 
where #(z(e) - S) denotes the number of elements in n(0) - S. Since every 
RG-module M with p’ . M = 0 has a nonzero RG-submodule on which G, 
acts trivially, the proof of the above assertion is just the same as the first 
part of proof of Theorem 0.1 in [I]. We next define a map in the other 
direction. IfM is an RG-module which is also an RGe(B)-module for some 
0 E Y, then we put 
V(M) = C N,M, (es)1 E 0 GoWWW). 
s=n(e) O’EY 
By Lemma 3, this only depends on M, not on the choice of 8. It follows from 
the same procedure as the proof of Lenstra’s that the above map can be 
extended into a group homomorphism of G,(RG) onto @G,(RG(e(B))) and 
moreover this map and the previous map are the inverse of each other. This 
completes the proof of Theorems 1 and 2. 
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Next, we will prove the corollary. By Theorem 7.8 in [3], the Grothen- 
dieck group of a maximal R-order in a central simple K-algebra A is 
isomorphic to the ray class group CIA(B). Since G is a finite nilpotent group, 
e center of KGe(8) is Kk), where x is the irreducible complex-character of 
G corresponding to the K-character 8. Combining these results, we have the 
coroilary. 
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